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QUANTUM SCHUR- WEYL DUALITY

qeclkq ) generic ,
V :-. Elgin

HAD -

. Type A Heike alg / Ilg ) with

generators :

IT
,

-

- -
- •

, Td -1

relations ( Ti - 1) ( Ti + g- 1) =o

TiTj=_jTi Ii -jl > I

Titititi = TiaTiTin Iti Ed -z

it V⑦d deformed permutations

( quot : permutations)



Uqlglnic ) ) : Type A quantum gpgeu.by Ei , Fi 11 ⇐ ien- n

Kitt 11 Ei En)

subject to
Serre relations &

EiFi - FjEi =

fijkik-ii-ki-tki-iq-q-liivqlgh.IQ/)Zy-d
A

Th ( Jimbo)
uq ( genic ))

→ End
µ ,g

( vid) = : Smd Schur algebra



TYPE B
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Type B gln , ④ gln, Zz~Sd
-

Type B ghi zz2Sd

:
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•-•
-0-0-0 o_0-0-0--0 @ , --•-•_•_§•-•-•→_•

flip
Another

"

Type B
"

( Ehrig -Stroppy osplnlm ) → End IN
@d)

Brats )

Bird's) : Brauer Algebra → Narorov - Wendat

Heekealg → affine Heekealg → quiver Heehealg
Type A :



CLASSICAL CASE

Type B Weyl group Bd

gln.by So
,
Si , . . , sd- o subject to Type A relations

&

so?_ 1 ( Sora cyclotomic) Sos,SoSi= 5185,50

Action by signed Permutations ( Green ) Action 1

y = ¢ - L Vi , - - ,
Vn
,
V
- d ,

- - -

, In , V07

optional

51 , - - -

, Sd- i
~

place permutation

so
.
Vi
,
-0 . - ④Vid = Ii

,
@ - - - ④ Vid



Action 2

y = ¢ - L Wi , - . own , , Wi,
- - iwnz >

if it { ii. in , }So
.
Vi
,
-0 . . ④Vid = Vi

,
⑦ - - - ④ Vid

so
. vii. . ④Vid =

- Vi
,
-0 - - - ④ Vid if i, E {T, -

- int}

Ulgln .) @ Ulglm )
→ End 1¢

"+m )
@d)

Th ( Maaorchuk- Stropped, IBD

Hu- Stoll . faction 2)

Kujawa-%)

cyclotomic ①



QUANTUM CASE

qc-ekq.Qi.az) generic ,

HBD :
type B Heche alg / Clkq ,QuQ4 with

generators ,

To, -11, -

- -
- . ,Td -1

relations ( Ti - 1) ( Ti -19-11=0

TiTj=TjTi li-jlsl-i-i-u-i-Ti-u-i-i-nl.ci
e- d-z

(Ti - Qi)(Ti - Qu) 0
. To -1, -10T, = Tito Tito

V :-. QKqiQ.az/?N--nitNzcyelotomic ④
Th ( Shoji - Sakamoto )

Schur algebra
Uqlgln , ) @ Uqlglm )

→ Endµq ( vid) = : Sdn
, ,n,

actions of Type B



AMBIGUITY

① ( Ariki ) End I ④ MIM ) first kind cyelotomic ①
. HBD µkd

LINEN ,-1hL

d
Sn

, ,n,
:~_ End

,
( ( Qq

"'t"
/
☒d) Second kind cyelotomic ①

②
Hd → action 2

d

End
B
( ( QQ

"""
/
☒d) = : Sm ,nz

③ ( Lai - Nakano - Xiang ) Hd →
action d- only in Type B

Relationships ;

③ special case of @ ( Ariki )
-

① presentation by Wada



① I③ under separation conditions

type B,
classical case → char 1h -1-2

qkQ, - Qi : invertible
lkknitnz

13 A #

Lai- Nakano-Xiang Sn
, ,n, .dz

④ 5m
, di ④ Snuck

ditch=D

B A *

Ariki Sn
, , and
I ④ 5m

, di ④ Snuck
ditch=D

B B
Not explicit !Consequence Sm

, ,nnd
I Sni

,mid

( Li -2.) explicit isomorphism only in Type B



PRESENTING TYPE A SCHUR ALGEBRA

Lustig's Quantum Group :
it lgln )

• generators
ei.fi , 11 Ei En- D ,

Ix for i. c- In ,

•

relations :

1x1µ=8xµ1x

eitx = 1-✗*Lili = Indie.- In

Fifa = 1-d- ✗ i fi ( Li : root for ei )

Th l Doty - Giaquinto)

SID I lilgln )/~
~
: 1-✗ = 0 i. ¢ A = { ✗ c- In / di > o , Ed: =D }

-



TYPE B PRESETATIONS

B
Sn

, ,nad
I End ☐ ( ( QQ

"""
/
☒d) N=n , -1m

Hd
→

Action 2

Th lkujawa - 2.) the second kind

SBnnnnd = it lgln , ④ glnz )/~
←n ,→ c-m→

~: 1,1=0

Y Act A = { ✗ c-%
" / di > o , Ed: =D }

-0-8- i ✗ -00 8-0-0 - -- r - -8

cydotomic ④

(Wada) Presentation of cyclotonic g- Schur alg of the first kind .



ALTERNATIVE CONSTRUCTION

( Bao - Kujawa - Wang
- Li) (D=zd,m=nu=n , N=2n )

N - step flags
✗ = { {o3=Vo EYE - .

c- Yu c- IFQD }

isotropic : Vi
-1
= Un - i want Sym .

bil
. form

orbit functions on ✗ ✗ ✗/ omw =

M : U' ④ U'→ U
' convolution

w
' has a presentation from

Quantum Symmetric Pain

gen.by ei.fi , di
#



O , V1.gl/v ) → Ulgln ) I. =p
I
,

Io = An- a

o-o-o-o-Y.io--•→ 0 = flip

0 graph automorphism .

Ulglnloeslllgln) swbalg fixed by
0

( Lester - Kolb) presentation for Ulglµ)0 um> u
'

quantized

let c- Uqlglzn ) ( m,i , die, 5)

A Lu
'

) & U' ④ U
'

,
but Alli ) E U' ② Uqlgln)

u
' eoiideal in Uqllglnj,



(D= 2d)
if = { v. EYE .

. c- VDEIFQD }

⑦ d

✓ = ☒ crq ) I
orbit function on ✗ ✗ Y / On

His = orbit function on Y ✗ Y / On

ri v vid, Had a vid convolution

th ( Bao- Kujawa - Li- Wang ) U
'

→ End µdB
( V

④d)
Quantum .



RELATIONSHIP

Notice

so . ( of + Kp ) = Up + O- p So . Wa = W,

So
. ( Va - Va ) = - (4--4)

So . Wi = - Wi

12 : invertible )
Th Iti -2.7 7- base change vid → Vid

lelglntgln) →
End (Vol )
¢ Bd action 2

et te
telglm )0 → End (vid)

① Bd
action d



ANOTHER PRESENTATION

Th ( Li - 2.)

B ( classical )
Smnid I Ulglµ)° / ~

~ farther relations

E.g.
extra relation

n=z ( tee ,# + dd, -071 Eee, + dd, - 2) . . . ( Eee , #Tidd, -67=0

d--3

( Bao- Kujawa - Li
- Wang )

B
( quantum)

conjectured fell list of
relations for 5mn ,d



FUTURE WORK

• homomorphism / isomorphism
in quantum setting

Uh
tlqlglnl ⑦ llqlgln ) &

5

Not a Hopf alg
• Complicated Relations

Geometric proof in quantum setting

• Geometric interpretation in cycloTomic
case



CATOGORIFICATION IN TYPE A

( khovanov- Lauda- Rouqiouer )
U graded 2- category

objects ✗ tZ
"

1-mor : Ix E Hom IX. d) identity morphism

Hom / A,µ )
= 2- span of words

1µe±i , .
.
. etistx ( e- i=fi )

µ- d
= I ± roots

e. go
1-
a. +✗

ei 1h E Hom /A,Xt2i )



2- morphisms

vertical & horizontal stacking of
ei ei fi fi ei ej✗ i
r n s L

, ,

fi fi

H
µ

d ei ei
< → L -1

fi fi g- ei
fj fi
ei fi

di
ei fi fi ei n

v L

tf
^

ei fi fi ei • •

✓

ei fi



QUANTUM GROUPS

image of idempotent
exists

f- Karlie ) 7- U

ko (e) = ZTqq
"

] <
iso classes of 1- nor > /~ .

97 Kole) grade shift

Koll) ② hole) → hole) : composition of 1 - mor.

Th ( Khovanov- Lauda , Rouqiouer
)

ko (Karla)) I Uqlsln ) as Ztqq
'

] - alg



"

Schur category
"

. S = it / ~ : ÷ :-. =o hell
÷:-, ,

Th ( Maechaay - Stosie -Vai)

koltlarls )) e SAn , d

alg Ver.
Proof / byproduct

A
Heike 2- category ↳ gn

, ,
HAD I 1-

ao
Sn,% 1-

do

V ^

L

I > 7
Do

<
To

> v i

Do =L / d)



TYPE B SCHUR ALGEBRAS

work-in-Progress ( Kujawa - 2.)

T = An
,
U Anz = b-o_O

-
-

.

no
-o_O - - .

no

5177 := UH ) / x

i if a¢n= { ✗ez"¥
" / Exist }

~ :

-

i. ÷:

D

Goal : Kollar /SLT))) I Snnnnd

( Also : cyalotomiccasej



Type A luqlslnl ) Type B lie
'

)

Ehrig - Stopped-

weak module category for parabolic category 0 for 0m

categorisation
cyelotomic quotients of AHA . li.fi : translation functors

1- morphism
ei.fi : functors via vi.a pro ¢ -☒ V1 )

functors restriction / induction

strong Maroney - Weird algKLR - algcategrrification U

xi= f. a- = X n = gun
,

¥ = U
2- morphisms v

n
natural

transformations ✗ =/ 1
, ,
* - * =/ 1

, Xj

IT
= ¥

.

¥ - * =L -11

¥i='¥ ,

.
.
.
.

-
- i - i y



FUTURE WORK

•

diagrammatically categorify U
'

• Soergd calculus ↳ S ' :=%


