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Perverse Sheaves

Stratified Space 1 flag varieties

A topological space ✗ has a stratification if

• 7- finite poset A

• ✗ = Ll Xx .
Xx locally closed set ( open nebsed )

✗ c- A

• each Xx is a smooth open manifold ( with complex dimension)

• Iµ = U Xd

aye

• each Xx is called a stratum

e. g. Flag Varieties

G : reductive group T
:
max Torus

w= NGCT) /T Weyl gp .

B : Borel

GIB : flag variety

special
e.g. In Type A . Colucci)

a flag is U
•

= (Uo .tl , , - -

,
Un )

Sit . o= V0 EYE - . c- Vn= Eh , dim Ui = e-

special I 3 7
e.g. N =3 ( 2 ° b) = [ I v5 v7 ]

0 4 5
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No = 0
,
U
,
= <I > , Vz= LUT,Ñ > , V3 = <I.vi. v5> = ¢3

U
•

=/ V0, V1 , V2, V3 )

claim right multiplication by
B preserves the flag

3 4 7
e.g. [ññE| ' it

= [ 3J 4Ñ+É 7%+803+2%1

represents the scene flag y
.

Theorem ( Bruhat Decomposition)

BioB/BGIB = U
WE WU

is a stratification of GIB

with •
£ Bruhat order

• BIOBTB = U BIB/B
✗Ebv

and • din BIB/☐ = 11×7

• each BioBIB is called a Schubert cell

e.g Type A ↳ = UBiiB
WEW

left Mutt by B : add 1 a scalar multiple of ) a row to a row above

right mult by B :
add 1 a scalar multiple of ) a column

to a column to the right
"

Gaussian Elimination
"

any matrix um
- permutation matrix



- 3-

• The standard flag is rep . by [
'

'
.

.
. I

i. e.
Std

•

= lstdi ) stdi = <e, , . . , ei >

• The position of a flag µ• is a matrix lfij )

fij = din ( yin stdti )

claim . The position characterises the Schubert cells

( i.e , y
'

,
w
.

in the same cell C⇒ fij = fij
'

Hi, ;)

. fij increases from a cell to its closure

( ice . from BioBIB to BiB/ B with ✗ Ew)

e.g. G↳lQ) 5=427 4=123)

• (Lij ) remains constant within each cell

BSB

[ ,
•

,
] B or µ

" ^

, ] B6

ññ

g-
wiwi

U' nstd" = 0 hfnstd
"
=<Wi >

in Std
"
= Let> wznstd

'

= Let,É>
v3 nstd

"
= LET> W~nstd3 = ¢3

v. nstd
'
= <I> fij=|? { §]

v-nstd-CE.eu>

v3 nstd" = LET ,e%



• ( fij ) in all cells - y-

w (Lij )

• in 1
'

.

.
] 1 ! ! ;]I 2 2

BSB

ii. 1 : : :]( I 2 2

a d l Vznstd
"

BTB

(
•

, ] ( • a 2) =< e.>

I 2 3

a

'"'"

! .
•

1 1 : : ;]
"""" •

a ?
,

a. nsrd
"
"

t
BESB

1. 11 : : :|
BstsB

[
,

,

•

|
-

° ° •

( ° • 2

1 2 3 ]
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• fij increases along cells in the closure

BWB/ B locally closed set

e. g. fw=z ←→dhnvznstdd-zt-drmfvz-stdY-dimvz-d.ms/-d~-dinVznstdZ
= 2

Troi ein
-

An ✗ 12 I 0

has rank 2
'21 ✗v2 0 I ]
✗31 ✗32 0 0

⇒ . any 3
- minors =o closed condition

• 7- 2- minors to open condition

{ closure

fu=e ←→

dim (Vztstd
'

) =3
. I 3- minors # 0

• Partial flags
sit .

din Vi= Édj
given of = Idi , . - ads) Edi =N

A partial flag with dimension vector
d is y :-( Vo , v1 , . . .us )

&"

*

Glp with p= (
* *

i.

y
☒a* . .

☐
.

.

* |
At

standard flag stdd : rep by id matrix



e.g.
Gr 124) = { partial flags of dim 12,2) } - b-

Fact stratification of ✗ = Gr 12.47

U = Lei , ez >
✗ = Xo UXIUXZ

✗ i. = { we.X / dimwnvi = i }

closure structure i XT = ¥, , Xj
i. e. XT = Xz

= X

Resolution of singularities



7-
Resolution of singularities

A proper map of stratified space f : y
→ × is

such that

Each restriction f- ' ( Xa ) → Xx

is a topologically local trivial fiber bundle
with

compact fiber Fx

A trivial f- beer bundle is a projection

2- ✗ X → ✗

with it being the fiber

I × ÷: → ¥¥¥!¥¥!¥¥:#D
f is called a resolution of singularities if
f-
'
Ha) -7 Xx on each open stratum

i. e. the fiber is trivial lice. a point )



Induced set and Bolt - Samuelson varieties -8-

let Ggp ✗ topological space Gtx

HI G. define the induced set

GÉX := G×X / ~

~ : (ghix) ~ ( g. hx)

Fact : if H
"
× simply transitively

G¥X → G / µ with fiber X

( g. x ) to gtl

preinage of H : H .
✗ = X

let Ps = ( B , 5) S

e. g
in Glu Ps =

- *
'

:

/
* *

I-1¥ :]
*
'

'

.

.

*

For W_ = IS, , - . , St ) a reduced expression



The Bolt - Samuelson variety - g-

Yue ) = Ps
,

¥ psz ¥ - -

.

¥ Pst/ B

B

Pst-1
"

Pst/ B Pst . , * Pst/B = { 1g . , go B) }/~

pst-z~pst.in?Ps+/B------Pst-zPPst..i*BPs+/B--llgz.gi
, go B) } /~

Fact Yue ) iterated 1Pa
'
- bundle over a point

Psi ¥ X → Psi/ B with fiber X

but Psi/B I Gly , = { attire line in icy

=P,d

Hence Yue ) = 1Pa
'
✗ ftp.dx/Pe'-x.-.. D

is smooth

- multi
. Ytw ) → GIB

1 Grigri - - soft B) → g- - GTB



Claim image is BivB/B - to -

and Yle)→ BOBI
is a resolution of singularities

Constructible Sheaves

A sheaf on a topological space × is a functor

F : Top 1×7 → Vector spaces 1¢
p

morphisms : reverse inclusion

U C- U it → u

✗ EX the stalks at ✗ is

Fx = direct limit of Flu) for open nbhd U of ✗

a sheaf F- on a stratified space ✗ is constructible if

The stalks Fx are constant on each stratum ,
and

Fx

A ear

µ ¢8m

8 ¢80



DAD : The derived category of constructible
- * *-

sheaves on X

-Z - I 0 I 2

a * *

÷

e.g. The
constant sheaf ¢× .

E Dlx) , viewed

as being concentrated in homological deg o

.

- -

,
-2,

- I 0 1
,
2
,

- . -

R o Q 0

µ ° ① 0

V o £ 0



Let f : Y→ ✗ a continuous map

- "'

F : sheaf on Y

f- I F

Top 1×7→ Top (7)
→ Vector spaces

composition is the push forward of F via f ,

denoted as f*F ,
is a sheaf on ✗

similarly f* :
DIY) → DIX)

Theorem ( Push forward of the constant sheaf )

f.. Y→ ✗ proper map of stratified spaces

then f*E,
has the table



Ft
""

d 1-1*1 Fx)

µ H*lFµ)

2 1-1*11=07

Example

recall : Mutt : Y 1st , s ) → BstsB_B
"

Gbs / B

compute Mutt
*
①
Yes ,tis)

First find fibers of mutton each stratum

Ps % Pt % Ps / B → G) B
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Ps = BSB U Bid B

-

* *

fu -11¥non- #* * * *
)

zero

Std for ¢2Pail { pt}
"

I : .

.
]
"

• I
"

4:11:11 : .

.]
abc -1-0 → [a:c r

be b ,
]→ [ '

"

]→BstsB

1Pa
>
→ PE fiber is { pt}
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same for St , ts , t

interesting cases : Bidis and BSB

a

f. II. If: .

.
]

= [
•

•

,
] → BidB

Pic → pt

fiber . IPod

also

µ ,

•11:11 : :]
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=/ a!b •

, ] iga:-b/ •
"

a)→ BSB

Pe
'
✗ Pet → 1Pa

'

fiber : 1Pa
"

EST ( as a sheaf on G)B)Hence multx-cyls.t.SI
FR A -3 -2 - I o ← H*( Fx)

{ pt} sts Q o o o

{ pt } St E 0 ° 0

{ pt} -1¥

{ pt }€00

1Pa
'

É

p¢
' id Q o ¢ 0



Perverse Sheaves

A sheaf F is perverse if

Fa X -3 -2 - I 0

{ pt} sts Q o o o

µ,÷,

""

{ pt } St E 0 ° 0

{ pt }€00

1Pa
'

€0

1Pa
' id Q o Q 0

. supported on some twisted diagonal
Id ,

- dx)

• Same pattern for the Verlende dual off



"

Intersection Cohomology Sheaf
" if further?

" '

"

pivots
"

are ¢ ,
0
, 0,0 , . .

-
-

Fa X - 3 -2 - I 0

{ pt} sts Q o o o

{ pt } St E 0 0 0

{ pt} -1¥

{ pt }t . Not

Pd
sheaf

id ¢ o q
FIc

Pci

Example

find a resolution of singularity for Gr 12,4)

and compute the push forward of
the constant

sheaf


