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The fixed point subalgebra

N = 2n+ 1, n ∈ Z≥0

Γ: Dynkin diagram of Type AN−1

σ ∈ Aut(Γ)
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ω: involution of glN (C)

a Lie algebra automorphism:

θ := ω ◦ σ : glN (C)→ glN (C)

ei 7→ fN−i

fi 7→ eN−i

hi 7→ hN+1−i

gθ = glN (C)θ: the subalgebra of g = glN (C) fixed by θ

3 / 19



A presentation of gθ

(Letzter: quantum case)

(Li-Z.) U(gθ) has a presentation with generators

ei = ei + fN−i 1 ≤ i ≤ n
fi = fi + eN−i 1 ≤ i ≤ n
di = hi + hN+1−i 1 ≤ i ≤ n+ 1

subject to relations

e2
i fi − eifiei + fie

2
i = −4ei

f2
i ei − fieifi + eif

2
i = −4fi

[di, ej ] = (δi,j − δi,j+1)ej (1 ≤ i, j ≤ n)

[dn+1, ej ] = −2δn,jej (1 ≤ j ≤ n)

and more
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Quantum Type B Duality

Uq(g
θ): algebra generatedy by e1,. . . ,dn+1, subject to quantized

relations

Uq(g
θ) ↪→ Uq(glN ): quantum group

V: natural Uq(glN )-module

Hq(B): Hecke algebra of Type B

(Bao-Kujawa-Li-Wang)

Uq(g
θ) � EndHq(B)(V

⊗d)

(Shoji-Sakamoto)

Uq(gln+1(C))⊗ Uq(gln(C)) � EndHq(B)(V
⊗d)
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The action of the Weyl group

Let Bd = Sd n (Z2)d, s = (id, (1, 0, . . . , 0)) ∈ Bd

Bd: generated by Sd and s.

Bd y V ⊗d:

1) (Green)
V = 〈e1, . . . , en, en+1, en, . . . , e1〉,

s.ei1 ⊗ · · · ⊗ eid = ei1 ⊗ · · · ⊗ eid .

(n+ 1 = n+ 1)
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Bd y V ⊗d:

2) (Hu-Stoll, Mazorchuk-Stroppel)
V = 〈w1, . . . , wn+1, w1, . . . , wn〉

V1 = 〈w1, . . . , wn+1〉, V−1 = 〈w1, . . . , wn〉

sy V1 ⊗ V ⊗d−1 via 1

sy V−1 ⊗ V ⊗d−1 via −1

1) equivalent to 2) under

wi = ei + ei 1 ≤ i ≤ n+ 1

wi = ei − ei 1 ≤ i ≤ n
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An explicit isomorphism

Let Ei, Fi, Hi: Chevalley generators in gln+1(C)

Ei, Fi, Hi: Chevalley generators in gln(C)

Theorem (Li-Z.)

There is an isomorphism of algebras

φ : U(gθ)→ U(gln+1(C)⊕ gln(C))

ei 7→ Ei + Ei (1 ≤ i ≤ n− 1)

fi 7→ Fi + Fi (1 ≤ i ≤ n− 1)

hi 7→ Hi +Hi (1 ≤ i ≤ n)

en 7→ 2En

fn 7→ Fn

hn+1 7→ 2Hn+1 + 1
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Root vectors in gln+1(C)

εi = H∗i , (1 ≤ i ≤ n+ 1).

Xεi−εi+1 = Ei ∈ gln+1(C)

(i < j) Xεi−εj = X(εi−εj−1)+(εj−1−εj)

= [Xεi−εj−1 , Xεj−1−εj ]

= [X(εi−εj−2)+(εj−2−εj−1)]

= [[Xεi−εj−2 , Xεj−2−εj−1 ], Xεj−1−εj ]

...

Xεi−εj = Eij ∈ gln+1(C)

Similarly, identify εi = H∗
i
, define Yεi−εj ∈ gln(C).
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Root vectors in gθ

Recall h1, . . . , h2n+1 ∈ gl2n+1(C)

µi = h∗i , (1 ≤ i ≤ 2n+ 1).

Φ+
2n+1: positive roots in gl2n+1(C)

Define Zα ∈ gθ for all α ∈ Φ+
2n+1:

On simple roots

Zµ1−µ2 = e1, . . . Zµn−µn+1 = en

Zµn+1−µn+2 = fn, . . . Zµ2n−µ2n+1 = f1

In general,

Zµi−µj =Z(µi−µj−1)+(µj−1−µj)

=[Zµi−µj−1 , Zµj−1−µj ]

...
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Identify εi = d∗i , (1 ≤ i ≤ n+ 1)

Φθ = {εi − εj | 1 ≤ i, j ≤ n+ 1, i 6= j} ' Φn+1

Define p : Φ+
2n+1 → Φθ

on a simple root α,

Zα: weight vector for di of weight p(α)
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p : Φ+
2n+1 → Φθ

“e1” µ1 − µ2 7→ ε1 − ε2
...

“en” µn − µn+1 7→ εn − εn+1

“fn” µn+1 − µn+2 7→ −εn + εn+1

...

“f1” µ2n − µ2n+1 7→ −ε1 + ε2

In general: extend linearly.
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Weight spaces in gθ

Lemma (Li-Z.)

Let α ∈ Φ+
2n+1, then Xα is a weight vector for d1, . . . ,dn+1 of

weight s(α).

For α ∈ Φθ ∪ {0}, let

gθα = {x ∈ gθ | [di, x] = α(di)x, ∀1 ≤ i ≤ n+ 1}

In particular, let h ⊂ gln+1(C)⊕ gln(C), dim h = 2n+ 1

s−1(0) = {µi − µ2n+2−i | 1 ≤ i ≤ n}
hi := Zµi−µ2n+2−i ∈ gθ0

13 / 19



Weight spaces in gθ

Lemma (Li-Z.)

Let α ∈ Φ+
2n+1, then Xα is a weight vector for d1, . . . ,dn+1 of

weight s(α).

For α ∈ Φθ ∪ {0}, let

gθα = {x ∈ gθ | [di, x] = α(di)x, ∀1 ≤ i ≤ n+ 1}

In particular, let h ⊂ gln+1(C)⊕ gln(C), dim h = 2n+ 1

s−1(0) = {µi − µ2n+2−i | 1 ≤ i ≤ n}
hi := Zµi−µ2n+2−i ∈ gθ0

13 / 19



Also

s−1(εi − εj) = {µi − µj , µi − µ2n+2−j} (1 ≤ i < j ≤ n)

Wεi−εj :=
1

2
Zµi−µ2n+2−j ∈ gθεi−εj

W ′εi−εj := Zµi−µj ∈ gθεi−εj

And

s−1(εi − εn+1) = {µi − µn+1} (1 ≤ i ≤ n)

Wεi−εn+1 :=
1

2
Zµi−µn+1 ∈ gθεi−εn+1

and similarly define W−εi+εj , W
′
−εi+εj
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Explicit inverses

Recall φ : gθ → gln+1(C)⊕ gln(C)

Let α: root in gln+1(C)

β: root in gln(C)

Theorem (Li-Z.)

φ(hi) = Hi (1 ≤ i ≤ n)

φ(Wα) = Xα

φ(W ′β) = Xβ + Yβ
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Recall φ(di) = Hi +Hi (1 ≤ i ≤ n).

Define hi = di − hi. Then φ(hi) = Hi

Also let hn+1 = 1
2(dn+1 − 1). Then φ(hn+1) = Hn+1

Theorem (Kujawa-Z.)

The kernel of

U(gln+1(C)⊕ gln(C))→ EndCBd
(V ⊗d)

is the ideal generated by

H1 + · · ·+Hn+1 +H1 + · · ·+Hn = d

Hi(Hi − 1) · · · (Hi − d) = 0

Hi(Hi − 1) · · · (Hi − d) = 0
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A presentation of the Schur algebra

Theorem (Li-Z.)

The Schur algebra EndCBd
(V ⊗d) is generated by

e1, . . . , en, f1, . . . , fn,d1, . . . ,dn+1

subject to the gθ-relations, and

d1 + · · ·+ dn +
1

2
(dn+1 − 1) = d

hi(hi − 1) · · · (hi − d) = 0

hi(hi − 1) · · · (hi − d) = 0

17 / 19



Theorem (Li-Z)

In EndHB
(V ⊗d), the following relations are satisfied

d1 + · · ·+ dn +
1

2
(dn+1 − 1) = d

di(di − 1) · · · (di − d) = 0

(dn+1 − 1)(dn+1 − 3) · · · (dn+1 − (2d+ 1)) = 0

Quantinzed version: Bao-Kujawa-Wang-Li

Conjecture (Li-Z.)

The Schur algebra EndCBd
(V ⊗d) is a quotient of U(gθ) under

the abvoe relations and

hi(hi − 1) · · · (hi − d) = 0 (1 ≤ i ≤ n)
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Future work

Cases when N = 2n

A homomorphism Uq(g
θ)→ Uq(gln+1(C))⊗ Uq(gln(C))?

or the other direction?

Thank you!
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